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1.3. The concentration-compactness lemma.

In this section, we show heuristically the fact that (S.1)-(S.2) insure
the compaetness of minimizing sequences. As we just said the argument
we give below is heuristic but nevertheless, conveniently adapted and
justified in all examples in seetions below, will be the key argument that
we will always use in the followiﬁg\sectigns.

The argument is based upon the followin\gﬁemma, which admits many
variants all obtained via similar proofs: s

-

LEMMA 1.1. — Let (p,),>, be a sequence in L}(RY) satisfying :
6) p, = 0in RN, J =
[RN

where 2> 0 is fixed. Then there exists a subsequence (p,).>, satisfying
one the three following possibilities:

1) (compactness) there exists y, € RN such that p, (- + y) is tight i. e.:

(7) Ve > 0, 3R < oo, J pu(X)dx = 4 — &;
¥kt Br

ii) (vanishing) ‘}Lngo s;.;p J Pn(x)dx = 0, for all R < o0
yeRN Jy+Bgr

iii) (dichotomy) there exists o€ 10, A[ such that for all ¢ > 0, there exist
ko =1 and py, pp e LL(RY) satisfying for k = k,:

f prdx—a
RN

dist (Supp p, Supp p7) 2 + ©.

llp”k—(pé+pf)|lL‘<S’ <é, <e

®)

J picdx —(A—a)
RN

— ket us first explain how we use Lemma 1.1 and we will then préve
Lemmal.1. We consider first the case when e, j depend on xand we assume
that (S.1).holds, and we take a minimizing sequences (U,),>, of (M)):

Suy) » I, Ju= 1.

We apply Lemma L1 with p, = J(xsBu,(x)): we find a subsequence (n,), > ,
such that (i), (ii) or (ii).holds for all k > 1. It is easy to see that (ii) cannot
occur since we have in view of (S.1): I, < I¥ and J(u,) = A. Next, if (i)
occurs we split u, exactly as.we split p, (see the proof of Lemma I. 1)
and find, for all ¢ > 0, u!, u in H satisfying for k large enough:
U, = up +uf + v,

[Jei) —al <o |Jwd) —th @) <e;

dist (Supp g, Supp uf) > oo, e <e.
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